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SUlyMARY 
A b r i e f  summary of a u n i f i e d  approach t o  t h e  t r a n s i e n t  response 
of s t r u c t u r e s  obtained by t h e  method of c h a r a c t e r i s t i c s  i s  p resen ted .  
Comments are made on t h e  types  of governing p a r t i a l  d i f f e r e n t i a l  
equa t ions ,  t h e  s t a b i l i t y  i n  numerical c a l c u l a t i o n ,  t h e  e x t r a p o l a t i o n  
technique,  and t h e  r e l a t i o n  between continuous and d i s c r e t e  systems. 
The merits and l i m i t a t i o n s  of t h e  method of c h a r a c t e r i s t i c s ,  as compared 
t o  o t h e r  methods, are a l s o  discussed. 
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I INTRODUCTION 
With the availability of h i g h  speed digital computers, several 
numerical methods are being developed for the study of the transient 
response of structures. Among these are the finite-difference method, 
the finite-element method and the method of characteristics. In this 
paper, recent developments of the method of characteristics are summarized. 
Comparisons between the method of characteristics and the other methods 
are presented. 
hyperbolic differential equations for solving transient structural problems. 
It is shown that even though non-hyperbolic equations are sometimes used 
by structural engineers for vibration and steady state dynamic problems, 
they are not applicable for transient problems. 
a continuous structure and its equivalent discrete system is demonstrated. 
The numerical stability and the technique of extrapolation are also 
discussed. 
A special emphasis is placed on the importance of totally 
The difference between 
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11. METHOD OF CHARACTERISTICS 
Motions of many types  of s t r u c t u r e s  t h a t  are  governed by equat ions  
involv ing  only one space  v a r i a b l e  can be analyzed by t h e  u n i f i e d  approach 
of t h e  method of c h a r a c t e r i s t i c s  introduced i n  Ref. 1. A Timoshenko beam 
i s  one t y p i c a l  s t r u c t u r e  amenable t o  t h i s  method of a n a l y s i s .  
t o  t h e  theory of e l a s t i c i t y ,  a beam i s  a three-dimensional s t r u c t u r e ;  i t s  
According 
exac t  stress and displacement d i s t r i b u t i o n s  are very  d i f f i c u l t  t o  ob ta in .  
However, i f  the approximate assumption t h a t  a p lane  c ros s - sec t ion  remains 
p lane  i s  made, t h e  governing equat ions  s i m p l i f y  i n t o  two second order  
p a r t i a l  d i f f e r e n t i a l  equat ions  wi th  t h e  d e f l e c t i o n  and r o t a t i o n  as t h e  
dependent v a r i a b l e s ,  and t h e  a x i a l  coord ina te  and t i m e  as t h e  independent 
v a r i a b l e s .  For a cons tan t  c ros s - sec t ion  beam, t h e s e  equat ions  are as 
fo l lows  (Ref. 2 ) .  
1 * *  
$1' - - 
'b2 
$ = a y ' + b $  
S 
where p r i m e  and d o t s  r ep resen t  s p a c i a l  and time d e r i v a t i v e s ,  r e s p e c t i v e l y ;  
1 / *  1 /2 -  
cb = (E/p) = bar v e l o c i t y ;  c = k(G/p) - shear  v e l o c i t y ;  a and b are S 
cons tan t s  depending on t h e  beam p r o p e r t i e s .  Equat ions (1) are t o t a l l y  
hyperbol ic .  Therefore ,  t h e  f i r s t  of (1) may be transformed i n t o  a new 
coord ina te  system ol, 
cil-axis and x-axis equa l  t o  c 
f i r s t  of (1) becomes 
B 1 ,  with  t h e  co-tangent of t h e  ang le  between t h e  
(Fig.  1). I n  t h e  ol, B, coord ina te s ,  t h e  b y  
ax 3 L - c  u + c  a O 1  b a a l  b 
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I f  $, Q ' ,  and y '  a r e  considered as  t h e  dependent v a r i a b l e s ,  then 
t h e  f i r s t  of ( 2 )  con ta ins  d e r i v a t i v e s  wi th  r e s p e c t  t o  a1 only ,  whi le  t h e  
second of ( 2 )  c o n t a i n s  d e r i v a t i v e s  wi th  r e s p e c t  t o  6, only .  Thus, a long  
a ,  and B , ,  t h e  o r i g i n a l  second order  p a r t i a l  d i f f e r e n t i a l  equat ions  become 
f i r s t  o rde r  "ordinary" d i f f e r e n t i a l  equat ions ,  a s i m p l i f i c a t i o n  which is  
very  convenient f o r  numerical  i n t e g r a t i o n .  
S i m i l a r l y ,  t h e  second of (1) may be transformed i n t o  
ax a;c x+c - = o  a a2 s a a, aa, 
(3) 
where a 2 ,  B 
can be changed r e a d i l y  i n t o  f i n i t e - d i f f e r e n c e  form. These f i n i t e  d i f f e r e n c e  
are coord ina te s  shown i n  F igure  1. Equat ions (2)  and (3 )  2 
equat ions ,  t oge the r  w i th  t h e  equat ions,  
dQ = + '  dx + d t  
dy = y '  dx + d t  
( 4 )  
c o n s t i t u t e  a system of s ix  equat ions f o r  t h e  s i x  v a r i a b l e s  6, +', Q, i ,  
y ' ,  and y. I f  t h e  va lues  of these  s i x  v a r i a b l e s  a t  p o i n t s  2 ,  3 and 4 of 
F igure  1 are  known, t h e i r  va lues  a t  po in t  1 may be obtained from t h e s e  s i x  
equat ions .  (The va lues  a t  po in t s  5 and 6 may be  ca l cu la t ed  by i n t e r p o l a t i o n ) .  
It can a l s o  be  shown t h a t  d i s c o n t i n u i t i e s  i n  t h e  d e r i v a t i v e s  of + and y can 
only  e x i s t  a c r o s s  l i n e s  p a r a l l e l  t o  t h e  c h a r a c t e r i s t i c  coord ina te s  a l ,  a 2 ,  
B, and 6,. 
For t h e  a n a l y s i s  of any other  types  of s t r u c t u r e s  whose governing 
equat ions  involve  only one space v a r i a b l e  t h e  u n i f i e d  method of c h a r a c t e r i s -  
t i c s  of Ref. 1 is app l i cab le .  These inc lude  d i f f e r e n t  types  of b a r s ,  
-3- 
s h e e t s ,  p l a t e s ,  s h e l l s  and s p r i n g s .  Two recen t  a r t i c l e s ,  one concerning 
sandwich s p h e r i c a l  caps  (Ref. 3 ) ,  and t h e  o t h e r  concerning coupled 
bending-torsion of beams (Ref. 4 ) ,  c o n t a i n  equa t ions  of t h e  type  t r e a t e d  
i n  R e f .  1. I n  cases where two space v a r i a b l e s  are involved,  modal 
a n a l y s i s  may b e  u t i l i z e d  t o  remove one of t h e  space coord ina te s ,  wh i l e  
t h e  remaining p o r t i o n  of t h e  equa t ions  i n  terms of t h e  o t h e r  space v a r i a b l e  
can s t i l l  be t r e a t e d  by t h e  method of c h a r a c t e r i s t i c s .  An example of t h i s  
c a s e  i s  a c y l i n d r i c a l  s h e l l  subjected t o  a non-symmetrical a x i a l  impact. 
The displacement v a r i a b l e s  may be expanded i n t o  Fourier  components i n  t h e  
c i r cumfe ren t i a l  coo rd ina te ;  t h e  r e s u l t i n g  governing equa t ions  c o n t a i n  on ly  
one s p a t i a l  independent v a r i a b l e  ( t h e  a x i a l  coord ina te )  and can be t r e a t e d  
by t h e  method of Ref. 1. 
The Timoshenko beam involves  two governing equa t ions  of t h e  second 
o rde r .  I n  other  problems, t h e  number of governing second o r d e r  equa t ions  
can b e  f o u r ,  f i v e ,  and even s i x .  While t h e  c h a r a c t e r i s t i c  d i r e c t i o n s ,  
t h e  governing equat ions i n  t h e  c h a r a c t e r i s t i c  c o o r d i n a t e s ,  as w e l l  a s  t h e  
equat ions governing t h e  propagat ion of d i s c o n t i n u i t i e s  are de r ived  i n  
Ref. 1 f o r  any number of equa t ions ,  t h e  scheme f o r  numerical  i n t e g r a t i o n  
has  been developed f o r  t hose  cases  con ta in ing  only two d i s t i n c t  wave 
v e l o c i t i e s .  The symmetrical response of s h e l l s  i nvo lves  t h r e e  equa t ions ,  
but on ly  two d i s t i n c t  wave v e l o c i t i e s ,  and thus  may be c a l c u l a t e d  by t h e  
present  scheme. Numerical procedures f o r  problems invo lv ing  t h r e e  d i s t i n c t  
wave v e l o c i t i e s  a r e  c u r r e n t l y  being developed. 
Since the method of c h a r a c t e r i s t i c s  i s  e s s e n t i a l l y  numerical ,  i t  can 
t reat  equations of v a r i a b l e  c o e f f i c i e n t s ,  o r  s t r u c t u r e s  of v a r i a b l e  mass 
and s t i f f n e s s  d i s t r i b u t i o n s .  
s t r u c t u r e  i s  solved by t h i s  method i n  Ref. 5 .  
The wave propagat ion i n  a nonhomogeneous 
-4- 
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Another advantage of using the u n i f i e d  equa t ions  of Ref. 1 is t h a t  
very o f t e n  two d i f f e r e n t  s t r u c t u r a l  problems have t h e  same governing 
equa t ions .  For i n s t a n c e ,  t h e  equat ions governing a c o r r e c t l y  formulated 
membrane theo ry  f o r  c y l i n d r i c a l  s h e l l s ,  Ref. 6 ,  have t h e  same form as t h e  
Timoshenko beam equa t ions ,  (1). Therefore ,  a l l  s o l u t i o n s  f o r  t h e  Timoshenko 
beam are a l s o  s o l u t i o n s  t o  t h e  membrane s h e l l .  
By combining t h e  two second order equa t ions  of (11, a f o u r t h  o rde r  
equa t ion  may be obtained as  follows, (Ref. 2), 
(5) 
b 
c 2  
- - -  
S 
where t h e  f a c t  t h a t  a = -b has been u t i l i z e d .  
be decomposed i n t o  fou r  f i r s t  order  equa t ions  (Ref. 7 ) .  Comparison of 
t h e s e  t h r e e  systems (one f o u r t h  order equa t ion ,  two second o rde r  equa t ions ,  
and four  f i r s t  o r d e r  equat ions)  shows t h a t  t h e  r e p r e s e n t a t i o n  with two 
second o r d e r  equat ions has  some d i s t ingu i shed  advantages.  The wave ve loc i -  
t ies a s s o c i a t e d  wi th  each of t h e  v a r i a b l e s  appear e x p l i c i t l y  i n  t h e  second 
o r d e r  equat ions.  The f a c t o r s  governing t h e  propagat ion of d i s c o n t i n u i t i e s  
a l s o  appear e x p l i c i t l y  i n  (1) .  In us ing  e i t h e r  t h e  f i r s t  o rde r  o r  t h e  f o u r t h  
o r d e r  equa t ions ,  t h e  h y p e r b o l i c i t y  of t h e  system i s  not immediately appa ren t .  
The same comments can a l s o  be applied t o  equa t ions  governing o t h e r  types 
of s t r u c t u r e s .  For i n s t a n c e ,  t h e  c y l i n d r i c a l  s h e l l  theory inc lud ing  
r o t a r y  i n e r t i a  and shea r  e f f e c t s  y i e l d s  t h r e e  second o rde r  equa t ions ,  as 
f o l l o w s  (Ref. 6 ) ,  
A l t e r n a t i v e l y ,  (1) may 
-5- 
1 *. 
w'I - - w = a 3 3  w + B,, u '  + 6 3 2  $ '  
S 
From t h i s  set of equations,  i t  i s  immediately ev iden t  t h a t  t h e  system i s  
t o t a l l y  hyperbol ic ,  and wi th  two d i s t i n c t  wave v e l o c i t i e s  c and c . 
Combining ( 6 )  i n t o  one s i x t h  o r d e r  equa t ion ,  o r  decomposing i t  i n t o  s i x  
f i r s t  o rde r  equat ions would conceal  t h e s e  f e a t u r e s  and would make t h e  
a p p l i c a t i o n  of t h e  method of c h a r a c t e r i s t i c s  more d i f f i c u l t .  
P S 
111. HYPERBOLIC DIFFERENTIAL EQUATIONS 
Another point  o f  i n t e r e s t  i s  t h e  importance of t h e  hyperbol ic  
n a t u r e  of t h e  governing equa t ions  i n  t r a n s i e n t  s t r u c t u r a l  problems. 
From a s t r u c t u r a l  po in t  of view, i t  t a k e s  a f i n i t e ,  though s m a l l ,  t i m e  
f o r  any d i s tu rbance  t o  t r a n s m i t  through a s t r u c t u r e .  T h i s  obse rva t ion  
i s  i n  agreement wi th  t h e  theo ry  of e l a s t i c i t y  where a l l  d i s t u r b a n c e s ,  o r  
e x c i t a t i o n s ,  a r e  propagated a t  e i t h e r  one of t h e  two wave v e l o c i t i e s ,  
t h e  d i l a t a t i o n a l  v e l o c i t y  o r  t h e  equivoluminal v e l o c i t y  (Ref. 8) .  I n  
d e r i v i n g  simple p r a c t i c a l  equa t ions  f o r  s t r u c t u r e s ,  it is  customary t o  
make approximating assumptions,  o r  t o  n e g l e c t  c e r t a i n  e f f e c t s  of small 
magnitude. It must b e  kept  i n  mind t h a t  f o r  t r a n s i e n t  response purposes,  
t h e  de r ived  governing equa t ions  must be t o t a l l y  hyperbol ic ;  i f  n o t ,  t h e i r  
t r a n s i e n t  response is e i t h e r  meaningless o r  n o t  o b t a i n a b l e .  Take t h e  
case of Timoshenko beam equa t ions  as an  example. Equations (1) are 
t o t a l l y  hyperbol ic ;  any suddenly app l i ed  d i s t u r b a n c e  i n  4, o r  i n  moment, 
propagates  a t  t h e  bar v e l o c i t y ,  cb, while  a d i s t u r b a n c e  i n  y ,  o r  i n  s h e a r ,  
-6 - 
propagates  a t  t h e  shear  v e l o c i t y ,  c . 
appears  i n  t h e s e  equa t ions  as t h e  term +. 
neg lec t ed ,  t h e  f i r s t  of (1) is no longer  hype rbo l i c ,  but  p a r a b o l i c .  Any 
d i s t u r b a n c e  i n  $ ,  o r  i n  moment, i s  immediately f e l t  a t  i n f i n i t y ,  as  
evidenced by t h e  f a c t  t h a t  s e t t i n g  c 
b 
dropping t h e  term. I n  t h e  classical  Bernoulli-Euler beam theory ,  where 
both r o t a r y  i n e r t i a  and shear  e f f e c t s  are neg lec t ed ,  t h e  governing 
equa t ion  
The c o n t r i b u t i o n  of r o t a r y  i n e r t i a  
I f  t h i s  r o t a r y  i n e r t i a  term i s  
S .. 
equa l  t o  i n f i n i t y  i s  equ iva len t  t o  
i s  no t  hyperbol ic ,  but  t o t a l l y  parabol ic ;  t h e r e f o r e ,  cannot be used f o r  
t r a n s i e n t  problems. (Applying the method of c h a r a c t e r i s t i c s  t o  (7), we 
o b t a i n  fou r  degenerated c h a r a c t e r i s t i c s ,  a l l  i n  t h e  d i r e c t i o n  d t  = 0 ) .  
I n  v i b r a t i o n  and harmonic wave s t u d i e s ,  ( 7 )  has o f t e n  been used. I n  
t h e s e  cases , "steady s t a t e , "  r a t h e r  t han  t r a n s i e n t  , s o l u t i o n s  are  involved; 
t h e r e f o r e ,  (7)  can s t i l l  produce "meaningful," even though less a c c u r a t e ,  
r e s u l t s .  A s  mentioned be fo re ,  the Timoshenko equa t ions  a re  a l s o  approxi- 
mate, and have t h e i r  l i m i t a t i o n s .  However, t h e s e  approximations do n o t  
a l t e r  t h e  hyperbol ic  n a t u r e  o f  the exac t  e l a s t i c i t y  equa t ions .  It i s  w e l l  
known t h a t  t h e  na tura l  f requencies  of beams according t o  Timoshenko theory 
are  more a c c u r a t e  than  those  according t o  Bernoulli-Euler t heo ry  (Refs.  9 ,  
10) .  Consequently, t h e  Timoshenko equa t ions  f o r  a beam a r e  e s s e n t i a l  i n  
t r a n s i e n t  a n a l y s i s ;  they are also t h e  most s u i t a b l e  f o r  v i b r a t i o n  and 
s t eady  s t a t e  problems f o r  t h e i r  accuracy. 
The same s i t u a t i o n  e x i s t s  i n  t h e  membrane theory f o r  s h e l l s .  I n  
s o l v i n g  t r a n s i e n t  s h e l l  problems, many i n v e s t i g a t o r s  merely add i n e r t i a  
terms t o  a set of e x i s t i n g  s ta t ic  membrane equa t ions ,  without checking t h e  
-7 - 
n a t u r e  of t h e  r e s u l t i n g  equa t ions ,  (Ref. 11 ) .  I n  t h e  pure s t a t i c  case, 
t h e  shea r  e f f e c t  i n  a membrane s h e l l  may b e  neglec ted  without any harm. 
However, i n  t h e  corresponding dynamic case, i f  shear  i s  n o t  inc luded ,  t h e  
equa t ions  are again no t  t o t a l l y  hyperbol ic .  A set of c o r r e c t l y  formulated 
membrane equat ions f o r  c y l i n d r i c a l  s h e l l s  may be  obta ined  from (6) by 
dropping t h e  second equat ion ,  and t h e  $ term i n  the third, which r e s u l t s  i n  
1 u'f - - 
c 2  
P 
u = B,, w'  
Th i s  i s  a set of t o t a l l y  hyperbol ic  equat ions .  Neglect ing t h e  shear  
e f f e c t ,  as i s  commonly done, i s  equiva len t  t o  dropping t h e  wt' term. 
Regardless  of  how small and neg leg ib l e  t h e  shear  e f f e c t  is i n  t h e  s t a t i c  
case, it must be r e t a i n e d  i n  t h e  dynamic equa t ions .  Furthermore,  t h e  
form of (8) i s  a l r eady  simple; dropping of w" term seems t o  have no 
j u s t i f i c a t i o n  from s i m p l i c i t y  poin t  of view. 
A s  mentioned be fo re ,  t h e  governing equa t ions  of a Timoshenko beam, 
(l), are t h e  same as t h e  c o r r e c t l y  formulated membrane equat ions ,  (8) 
except f o r  the d i f f e r e n c e  i n  c o e f f i c i e n t s .  
by t h e  method of c h a r a c t e r i s t i c s  f o r  a c y l i n d r i c a l  s h e l l  sub jec t ed  t o  
a n  end s t e p  a x i a l  v e l o c i t y  are shown i n  F igu re  2 .  The shear  stress 
d i s t r i b u t i o n  from both t h e  genera l  bending theory  and t h e  s i m p l i f i e d  
membrane theory a re  given.  
Typ ica l  r e s u l t s  c a l c u l a t e d  
1 
I 
1 
1 
I 
1 
I 
I 
1 
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I V .  STABILITY OF NUMERICAL METHODS 
Since t h e  method of c h a r a c t e r i s t i c s  is  e s s e n t i a l l y  a numerical  
method, t h e  q u e s t i o n  of s t a b i l i t y  i s  of extreme importance. 
i nvo lv ing  one space v a r i a b l e ,  such as those  t r e a t e d  i n  Refs. 1 and 1 2 ,  
t h e  numerical  scheme adopted is  i n h e r e n t l y  s t a b l e .  
t r a n s i e n t  problems, numerical  schemes are  not  always s t a b l e  (Ref. 1 3 ) .  
The q u e s t i o n  of s t a b i l i t y  must be e s t a b l i s h e d  f o r  each problem s e p a r a t e l y ,  
and is  u s u a l l y  very d i f f i c u l t .  
b r i e f  i n t r o d u c t i o n  t o  s t a b i l i t y  and a demonstration of i t s  importance. 
L e t  u ( x , t )  be t h e  exact  s o l u t i o n  of a t r a n s i e n t  problem, u 
I n  problems 
For two space v a r i a b l e  
This s e c t i o n  is  intended t o  g i v e  only a 
n b e  t h e  
j 
numerical s o l u t i o n  of t h e  same problem a t  t i m e  t = nAt and p o s i t i o n  
x = jAx where A t  and Ax are t h e  mesh s i z e s  used i n  t h e  numerical  c a l c u l a t i o n .  
Then t h e  e r r o r ,  e ,  i s  given by 
( 9 )  
n e = u ( x , t )  - u 
j 
S t a b i l i t y  may be de f ined  i n  two d i f f e r e n t  ways, (Ref. 1 4 ) .  The f i r s t  
s ta tes  t h a t  a numerical  scheme i s  s t a b l e  i f  e is bounded as n approaches 
i n f i n i t y  f o r  f ixed  Ax and A t .  The second d e f i n i t i o n  s t i p u l a t e s  t h a t  a 
numerical  scheme i s  s t a b l e  i f  e is bounded as A t  and Ax approach ze ro ,  
and n approaches i n f i n i t y ,  f o r  a f i x e d  v a l u e  of t = nAt. I n  e i t h e r  case, 
it is  necessary t o  observe a " s t a b i l i t y  c r i t e r i o n "  i n  o r d e r  t o  prevent  
e r r o r s  from amplifying so  much as t o  make t h e  c a l c u l a t i o n s  meaningless.  
The " s t a b i l i t y  c r i t e r i o n "  usua l ly  amounts t o  a r e s t r i c t i o n  on t h e  pe rmis s ib l e  
s i z e  of A t  i n  terms of t h e  s i z e s  of s p a c i a l  increments.  Lack of adherence 
t o  t h e  c r i t e r i o n  produces symptoms of i n s t a b i l i t y  w i t h i n  a s m a l l  number of 
c y c l e s .  
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I 
I I n  one space v a r i a b l e  problems, t h e  method of c h a r a c t e r i s t i c s  i s  s t a b l e  
because i t  
where c i s  
exac t  form 
e s t a b l i s h .  
I always adheres  t o  t h e  Courant-Friedrich-Lewy s t a b i l i t y  c r i t e r i o n  
I (10) 
dt < - = I  
Ax 
t h e  l a r g e s t  o f  t h e  wave v e l o c i t i e s .  For two space v a r i a b l e  problems, 
of necessary and s u f f i c i e n t  s t a b i l i t y  c r i t e r i a  i s  hard t o  
The fol lowing example demonstrates t h e  occurence and symptom 
of i n s t a b i l i t y  i n  a s p e c i f i c  numerical  ca se .  
The problem t r e a t e d  i s  a s t e p  stress inpu t  app l i ed  a t  t h e  i n t e r i o r  
s u r f a c e  of a s p h e r i c a l  c a v i t y  i n  an  e l a s t i c  medium. I n  terms of t h e  
scalar displacement p o t e n t i a l ,  t h e  governing equa t ion  is  
(11) 
1 -. v 2 +  --J-@ = 0 
where c i s  t h e  d i l a t a t i o n a l  v e l o c i t y .  I n  o r d e r  t o  develop t h e  two space 
v a r i a b l e  method of c h a r a c t e r i s t i c s ,  t h i s  s p h e r i c a l l y  symmetrical problem 
i s  t r e a t e d  purposely by c y l i n d r i c a l  coord ina te s  r and z .  At a c e r t a i n  
t i m e  a f t e r  t h e  input  load i s  a p p l i e d ,  t h e  exac t  s o l u t i o n  by Sharpe, Ref. 15, 
i s  taken as the  i n i t i a l  v a l u e  f o r  our two-dimensional i n i t i a l  va lue  problem. 
Since only t h e  d i l a t a t i o n a l  wave i s  involved,  on ly  one c h a r a c t e r i s t i c  cone 
extends from each p o i n t .  Four b i c h a r a c t e r i s t i c s  are chosen, and t h e  
corresponding c h a r a c t e r i s t i c  equa t ions  are w r i t t e n .  
scheme similar t o  t h a t  used by Bu t l e r  (Ref. 16), t h e  displacement and stress 
a t  p o i n t s  on succeeding cons t an t  t i m e  p l anes  are c a l c u l a t e d .  
c a l c u l a t i o n s  e q u a l  mesh s i z e s  are used f o r  A r  and Az (Ar = Az) bu t  t h e  r a t i o  
A t / A r  i s  va r i ed .  
of displacement a t  a po in t  r = z - 1.31, as a f u n c t i o n  of time. For a 
r a t i o  of A t / A r  = 0.6  t h e  c a l c u l a t i o n  i s  s t a b l e ,  producing ve ry  smooth 
a c c u r a t e  r e s u l t s .  For a r a t i o  A t / A r  = 0.8, t h e  c a l c u l a t i o n  i s  u n s t a b l e ;  
a f t e r  approximately f i f t e e n  t i m e  s t e p s ,  t h e  v a l u e  from each success ive  
c a l c u l a t i o n  o s c i l l a t e s  v i o l e n t l y ,  and i s  appa ren t ly  meaningless.  
By fol lowing a numerical  
I n  a l l  t h e  
Figure 3 shows a p l o t  of t h e  c y l i n d r i c a l  r a d i a l  component 
-10- 
V. ERROR ANALYSIS AND EXTRAPOLATION 
According t o  t h e  d e f i n i t i o n  of s t a b i l i t y ,  adherence t o  t h e  s t a b i l i t y  
c r i t e r i a  ensu res  t h e  convergence of t h e  numerical  s o l u t i o n  t o  t h e  t r u e  
s o l u t i o n ,  as A t  and Ax approach zero. 
convergence i s  a l s o  of g r e a t  i n t e r e s t .  
t r u n c a t i o n  e r r o r ,  which is t h e  e r r o r  introduced by approximating t h e  
For p r a c t i c a l  purposes,  t h e  ra te  of 
T h i s  rate depends p r imar i ly  on t h e  
d i f f e r e n t i a l s  by f i n i t e  d i f f e rences .  I f  t h e  type  of t r u n c a t i o n  e r r o r  of 
a given problem is  known, an  e x t r a p o l a t i o n  technique can be employed t o  
ach ieve  a high degree of accuracy with a small amount of c a l c u l a t i o n .  The 
e r r o r  of a numerical  c a l c u l a t i o n ,  as de f ined  i n  (9), i s  s a i d  t o  be of 
h2-type i f  i t  can b e  expressed i n  t h e  form 
n 2 i  + e = u - u = $lh2 + $2h4 + $3h6 +.... + $ih ... (12) 
j 
where h is  t h e  mesh s i z e  (At, o r  Ax), and t h e  6, 's  are q u a n t i t i e s  t h a t  
are  independent of t h e  mesh s i z e  and are dependent only upon t h e  x , t -  
l o c a t i o n  of t h e  po in t  a t  which t h e  f u n c t i o n  of un is  being eva lua ted .  
I f  two v a l u e s ,  u1 and u2,  a t  a given p o i n t  are c a l c u l a t e d  (ul corresponding 
j 
t o  a mesh s i z e  h, and u2 corresponding t o  h 2 )  then  w e  may w r i t e  (12)  twice 
i n  t runca ted  form, 
(13) 
u = u1 + glh: 
u = u + $lh$ 2 
E l imina t ion  of $, from t h e s e  equations g i v e s  t h e  ex t r apo la t ed  v a l u e  of u ,  
u = (h;ul - h:u2)/(h; - h:) (14) 
Th i s  formula i s  c a l l e d  t h e  h2-type two p o i n t  e x t r a p o l a t i o n .  S i m i l a r l y ,  i f  
c a l c u l a t i o n s  wi th  t h r e e  d i f f e r e n t  mesh s i z e s  h l ,  h2 ,  and h3 are performed, 
a three-point  h2-type ex t r apo la t ion  formula may be w r i t t e n  from t h e  t h r e e  
equa t ions  obtained from (12)  by t r u n c a t i n g  terms con ta in ing  h6 and higher 
o r d e r .  
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The p r i n c i p l e  of e x t r a p o l a t i o n  can be b e s t  demonstrated by g raph ica l  
means. 
va lue  and the ca l cu la t ed  va lue ,  d iv ided  by t h e  t r u e  va lue .  The t h r e e  p o i n t s  
on F igure  4 (a )  represent  t h e  percent  e r r o r  f o r  t h r e e  c a l c u l a t i o n s  wi th  mesh 
s i z e s  h = 1, 3/4,  and 1 / 2  r e s p e c t i v e l y .  The i n t e r s e c t i o n  of t h e  s t r a i g h t  
l i n e  j o i n i n g  t h e  1, and 3/4 e r r o r  p o i n t s ,  w i th  t h e  ver t ica l  axis ,  g ives  t h e  
two po in t  ex t rapola ted  va lue  of (14).  S i m i l a r l y ,  a q u a d r a t i c  curve  pass ing  
through a l l  t h r e e  p o i n t s  g ives  t h e  three-poin t  h2- type  ex t r apo la t ion .  
L e t  us  de f ine  t h e  pe rcen t  e r r o r  as t h e  d i f f e r e n c e  between t h e  t r u e  
I f  t h e  e r r o r  is  of h-type,  o r  
e = + l h  + i 2 h 2  + $,h3 + .... + $.h i  1 .... (15) 
similar h-type ex t r apo la t ion  formulas may be  devised .  Obviously,  f o r  
a given problem, t h e  e r r o r  cannot be of both h- and h2-types.  
given i n  F igure  4 are  c l o s e  t o  h2-type; t h e r e f o r e ,  a l l  h2-type e x t r a p o l a t i o n s  
improve t h e  r e s u l t s  (Figure 4a) ,  but  h-type e x t r a p o l a t i o n s  do no t  (Figure 4b) .  
The e r r o r s  
A s  a n  i l l u s t r a t i v e  example, w e  s h a l l  cons ider  a g a i n  t h e  s p h e r i c a l  
d i l a t a t i o n a l  wave problem solved e x a c t l y  by Sharpe (Ref. 15).  The same 
problem i s  now solved by t h e  numerical  method of c h a r a c t e r i s t i c s  of 
r e f e r e n c e  1, with t h r e e  d i f f e r e n t  mesh s i z e s  corresponding t o  h = 1, 1/2, 
and 1 / 4  r e spec t ive ly .  F i f t e e n  decimal d i g i t s  were used bo th  f o r  t h e  
evz lua t ion  of Sharpe's exact  s o l u t i o n ,  and f o r  t h e  c a l c u l a t i o n s  by t h e  
method of c h a r a c t e r i s t i c s .  
and h = 1 / 4 ,  are  the  percent e r r o r  i n  r a d i a l  stress, a t  3 . 2  psec. a f t e r  
loading ,  f o r  t h e  t h r e e  mesh s i z e s .  The curve h2(1,  1 / 2 )  is t h e  ex t r apo la t ed  
va lue ,  according t o  h2-type e x t r a p o l a t i o n ,  from those  va lues  wi th  h = 1 and 
1 / 2 ;  t h e  curve  h2(1,  1 / 2 ,  1 /41 i s  t h e  a b s o l u t e  v a l u e  of t h e  re la t ive e r r o r  
from t h e  t h r e e  point e x t r a p o l a t i o n .  A s  can be seen ,  t h e  h2(1 ,  1/2, 1/41 
va lues  are extremely accu ra t e .  
The curves i n  F igure  5 l abe led  h = 1, h = 1/2, 
To achieve  t h e  Same degree  of accuracy 
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without  e x t r a p o l a t i o n ,  a much s m a l l e r  mesh s i z e  would have t o  be used,  which 
would have consumed much more computing t i m e .  
V I .  CONTINUOUS VS DISCRETE SYSTEMS 
From t h e  s t r u c t u r a l  mechanics po in t  of view, a l l  s t r u c t u r a l  materials 
are considered t o  be cont inuous;  a l though a c t u a l  materials,  from t h e  micro- 
s cop ic  p o i n t  of view, c o n s i s t  of d i s c r e t e  p a r t i c l e s ,  such as molecules o r  
c r y s t a l s .  Based on t h e  continuous model of material ,  d i f f e r e n t i a l  o r  
i n t e g r a l  equa t ions  are de r ived .  Since c losed  form exact  s o l u t i o n s  of 
t h e s e  equa t ions  are u s u a l l y  d i f f i c u l t  t o  o b t a i n ,  e s p e c i a l l y  when t h e  
s t r u c t u r e  i s  complicated,  numerical methods must be used. 
t h e s e  numerical  methods, t h e  continuous s t r u c t u r e s  are aga in  decomposed 
i n t o  d i s c r e t e  sys t ems .  I n  t h e  f ini te-element  method, t h e  s t r u c t u r e  i s  
f i r s t  divided i n t o  a f i n i t e  number of d i s c r e t e  elements;  equa t ions  govern- 
i ng  t h e s e  elements are then  derived and solved.  I n  t h e  f i n i t e - d i f f e r e n c e  
method, t h e  d i f f e r e n t i a l  equations f o r  t h e  s t r u c t u r e s  a r e  f i rs t  de r ived ,  
t h e  equat ions are next changed i n t o  a l g e b r a i c  f i n i t e - d i f f e r e n c e  equa t ions .  
A f i n i t e  number of p o i n t s  i s  then chosen along t h e  s t r u c t u r e s ,  and t h e  
f i n i t e - d i f f e r e n c e  equa t ions  corresponding t o  t h e s e  p o i n t s  are solved.  I n  
t h e  method of c h a r a c t e r i s t i c s ,  t h e  p a r t i a l  d i f f e r e n t i a l  equat ions are  f i r s t  
transformed i n t o  o rd ina ry  d i f f e r e n t i a l  equa t ions  i n  t h e  c h a r a c t e r i s t i c  
c o o r d i n a t e s .  Next they are changed i n t o  f i n i t e - d i f f e r e n c e  form, and a 
f i n i t e  number of p o i n t s  are then chosen and t h e  f i n i t e - d i f f e r e n c e  equa t ions  
so lved .  
I n  applying 
It is  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  s t r u c t u r a l  engineer may treat t h e  
s t r u c t u r e  as d i s c r e t e  or  continuous system a t  h i s  convenience. Care must 
b e  taken,  however, t o  i n s u r e  tha t  t h e  behavior of t h e  corresponding system 
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i s  compatible  with t h e  o r i g i n a l  system. The fo l lowing  example demonstrates  
a case where t h e  cont inuous  system and t h e  corresponding d i s c r e t e  systems 
have d r a s t i c a l l y  d i f f e r e n t  behaviors .  
The example t o  be cons idered  i s  t h e  l o n g i t u d i n a l  wave i n  a s imple b a r ,  
as shown i n  Figure 6 ( a ) .  The governing equa t ion  f o r  t h e  cont inuous bar  is  
(16) 
1 .' 
U'' - - u = o  
C 2  
where c = i s  the  ba r  v e l o c i t y .  Th i s  i s  a s imple wave equat ion;  a l l  
d i s tu rbances  propagate a t  t h e  v e l o c i t y  c wi th  unchanged ampli tude and shape.  
It i s  non-dispers ive;  i f  a s i n u s o i d a l  s o l u t i o n  
2n 
x u = s i n  - (x - c p t )  
i s  s u b s t i t u t e d  in to  (16), i t  can be  shown r e a d i l y  t h a t  c = c ,  o r  t h e  phase 
v e l o c i t y ,  c i s  independent of  t h e  wave l e n g t h ,  A .  
P 
P, 
Now, i f  w e  s imula t e  t h e  cont inuous ba r  by a mass-spring system, as 
shown i n  F igu re  6 ( a ) ,  t h e  governing equat ion  of t h e  system i s  
.. 
M u = k(up+l + u  - 2 up> 
P P-1 
where u i s  t h e  a x i a l  displacement  of t h e  p t h  mass p a r t i c l e ,  M i s  t h e  mass 
of t h e  p a r t i c l e ,  k i s  t h e  s p r i n g  cons t an t .  
P 
S u b s t i t u t i n g  t h e  s i n u s o i d a l  
s o l u t i o n  
2n u = s i n  - (xp - c p t )  
P 
i n t o  (18), and keeping i n  mind t h a t  x = pd, w e  o b t a i n  
P 
d2k  s i n 2  (nad) c 2 = -  
P M (Tad12 
where a = 1/X i s  t h e  wave number. From t h e  r e l a t i o n s  M = pAd, and 
k = EA/d, (20) becomes 
2 s in2(nad)  
(nad)2 
c 2 = c  
P 
which i n d i c a t e s  t h a t  t h e  mass-spring system is  d i s p e r s i v e ;  t h e  phase 
v e l o c i t y  c is a f u n c t i o n  of wave l e n g t h  (o r  wave number). A s  can be  seen  
P 
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from F igure  6 ,  which is  p l o t t e d  f r o m  (21) ,  when t h e  wave l e n g t h  is  ve ry  
long as compared wi th  d,  t h e  phase v e l o c i t y  c approaches c as a l i m i t .  
P 
From t h i s  example w e  may conclude t h a t  i n  d i v i d i n g  a continuous system 
i n t o  a d i s c r e t e  system, w e  must make s u r e  t h a t  t h e  " r e p r e s e n t a t i v e  l eng th"  
of t h e  d i s c r e t e  element be much smaller than  t h e  wave l eng th  t o  b e  encountered 
i n  t h e  t r a n s i e n t  problem. 
r equ i r ed  f o r  d i s t u r b a n c e s  t o  t r a v e l  from one element t o  ano the r  must be much 
smaller than  t h e  t i m e  i n t e r v a l  of in te res t  i n  t h e  t r a n s i e n t  problem). 
t h e  o t h e r  hand, when smoothing o u t  microscopic p a r t i c l e s  i n t o  a continuum, 
w e  must a l s o  make s u r e  t h a t  t h e  wave l e n g t h  i s  longer  than  t h e  d i s t a n c e s  
between par t ic les .  
based on t h e  p r i n c i p l e  t h a t  t h e  wavelength of X-rays i s  of t h e  same o rde r  
of magnitude as  t h e  in t e ra tomic  spacing i n  a s o l i d ,  (Ref. 1 7 ) .  
(Another way of saying t h i s  i s  t h a t  t h e  time 
On 
Indeed, t h e  study of c r y s t a l  s t r u c t u r e s  by X-ray i s  
V I I .  COMPARISON WITH OTHER METHODS 
The mode s u p e r p o s i t i o n  method i s  s u i t a b l e  f o r  t h e  t r a n s i e n t  a n a l y s i s  of 
s t r u c t u r e s  i f  t h e  s t r u c t u r e  i s  not too complicated and i f  t h e  loading i s  
smooth, no t  involving s tep- inputs .  An example of t h i s  method i s  a simply 
supported Timoshenko beam loaded a t  one end by a moment. Figure 7, which 
i s  reproduced from F igures  5 and 6 of Ref. 7 ,  shows t h e  time h i s t o r y  of 
t h e  moment a t  t h e  cen te r  of t h e  beam as c a l c u l a t e d  by two methods, an  exac t  
method (Laplace t ransform),  and a modal method with s t a t i c  p l u s  s i x  modes. 
The r e s u l t s  of t h e  method of c h a r a c t e r i s t i c s  c a l c u l a t i o n  a l s o  ag ree  c l o s e l y  
wi th  t h e  exact  s o l u t i o n .  Figure 7 ( a )  shows t h e  response due t o  a s t e p  
moment i n p u t .  A s  can be seen,  t he  modal s o l u t i o n  is  not  very a c c u r a t e .  
F igu re  7(b)  shows t h e  response f o r  a ramp moment inpu t  where t h e  modal 
s o l u t i o n  i s  s a t i s f a c t o r y .  
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The Laplace t ransform method i s  l i m i t e d  t o  very  s imple s t r u c t u r e s .  
Closed form s o l u t i o n s  are  seldom o b t a i n a b l e  because of i n v e r s i o n  d i f f i -  
c u l t i e s .  
s o l u t i o n s  f o r  c e r t a i n  problems which can be  used as a s t anda rd  i n  
de te rmining  t h e  accuracy of o t h e r  approximate methods (Ref. 7 ) .  
The Laplace t ransform method is very  u s e f u l  i n  producing exac t  
The f i n i t e - d i f f e r e n c e  method f o r  one space  v a r i a b l e  problems i s  
v e r s a t i l e ;  i t  can b e  app l i ed  t o  long  t i m e  response  problems where 
complicated d i s c o n t i n u i t i e s  and wave r e f l e c t i o n s  e x i s t  (Refs.  18, 1 9 ) .  
I n  apply ing  t h e  f i n i t e - d i f f e r e n c e  method, a n  a r t i f i c i a l  v i s c o s i t y  must be  
in t roduced  t o  damp o u t  spu r ious  o s c i l l a t i o n s  and t o  permit t h e  numerical  
c a l c u l a t i o n  of  a d i scont inuous  s u r f a c e .  A s  a r e s u l t ,  sharp  wave f r o n t s  
cannot be  maintained and t h e  c a l c u l a t e d  stresses and v e l o c i t i e s  are no t  
very  accu ra t e .  F in i t e -d i f f e rence  methods f o r  two space v a r i a b l e  problems 
are  c u r r e n t l y  being developed by many i n v e s t i g a t o r s  (Ref. 2 0 ) .  
The f in i te -e lement  method f o r  s t a t i c  equi l ibr ium problems i s  w e l l  
developed. For t r a n s i e n t  problems, many new developments are  a l s o  being 
made (Refs.  2 1 ,  2 2 ) .  The method i s  capable  of handl ing more complicated 
s t r u c t u r e s ;  i t s  s t a b i l i t y  and convergence behaviors  are  probably more 
d i f f i c u l t  t o  e s t a b l i s h .  
The method of c h a r a c t e r i s t i c s  i s  s u i t a b l e  t o  t rea t  almost  a l l  
problems wi th  one space  v a r i a b l e .  It i s  accura t e ,  s t a b l e ,  and has  good 
convergence. A t  t h e  p r e s e n t ,  i t  cannot be  used f o r  two-dimensional 
t r a n s i e n t  s t r u c t u r a l  problems, un le s s  used i n  conjunct ion  w i t h  some o the r  
methods. 
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V I I I .  CONCLUDING REMARKS 
The d i scuss ion  i n  t h i s  paper is l i m i t e d  t o  l i n e a r  e l a s t i c  s t r u c t u r e s .  
The method of c h a r a c t e r i s t i c s  i s  c u r r e n t l y  being extended i n  o r d e r  t o  s o l v e  
problems involv ing  coupled second d e r i v a t i v e s  i n  t h e  equat ions .  Numerical 
schemes f o r  problems wi th  more than t h r e e  equat ions  are  a l s o  being 
developed. Two space v a r i a b l e  methods, as w e l l  as methods f o r  p l a s t i c  
and v i s c o e l a s t i c  materials w i l l  a l so  be  s tud ied .  
The method of c h a r a c t e r i s t i c s  i s  most s u i t a b l e  f o r  comparat ively 
s imple  s t r u c t u r e s .  For very  complicated s t r u c t u r e s ,  perhaps an  approach 
combining t h e  method of c h a r a c t e r i s t i c s  wi th  t h e  f in i te -e lement  method 
may prove f r u i t f u l .  
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Stabi l i ty  of Numerical Methods - Calculated Time  History 
of Displacement i n  Cylindrical Radial Direction of a 
Spherical Wave, by Two-Space Variable Method of Characteristics, 
a t  r = z = 1 . 3 1 ,  Ar * Az = 0 . 0 2 .  
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Percent Error i n  Calculated Radial Stress of a Spherical Dilatation 
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